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ABSTRACT:  

In this paper  ,we  Introduce a class of analytic and bi-univalent functions in the open unit disk 𝕌 =
{𝒛: |𝒛| < 𝟏 ; 𝒛 ∈ ℂ} by using a generalized derivative operator (Amer & Darus, 2011) and apply the 

subordination method to the functional of coefficients problem . 

 Furthermore, an estimation for the initial Taylor and Maclaurin coefficients of functions in 𝓗𝚺
𝒒
(𝝀, 𝜶)   was 

given.  
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INTRODUCTION:  
Let 𝒜 denote the class of functions 𝑓 in the open unit disk 

𝕌 = {𝑧: |𝑧| < 1; 𝑧 ∈ ℂ}, 

given by the normalized power series   

𝑓(𝑧) = 𝑧 +∑𝑎𝑘𝑧
𝑘

∞

𝑘=2

   ;   𝑧 ∈ 𝕌   , 

 where 𝑎𝑘 is a complex number . 

   The class of univalent functions in 𝒜 normalized with the conditions    

𝑓(0) = 𝑓′(0) − 1 = 0 was represented by 𝒮 . 

Since each function which belongs to the class has an inverse, we can easily calculate 

(𝑓−1(𝑤))′ =
1

𝑓′(𝑧)
  . 

Therefore, we conclude the 𝑓−1 is analytic So, 𝑓−1 can also be displayed in the form of a power series as 

follows: 

                                        𝑓−1(𝑤) = 𝑤 − 𝑎2 𝑤
2 + (2𝑎2

2 − 𝑎3)𝑤
3 −⋯   , 

where                     𝑓−1(𝑓(𝑧)) = 𝑧     (𝑧 ∈ 𝕌 ), 
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𝑓(𝑓−1(𝑤)) = 𝑤 (𝑤 ∈ 𝕌, |𝑤| < 𝑟0(𝑓); 𝑟0(𝑓) >
1

4
 ). 

A function is called biunivalent in open unit disk  𝕌, if  𝑓 and 𝑓−1 are univalent in open unit disk  𝕌. 

𝛴 is considered a symbol of the class of  biunivalent functions in  𝕌.(Srivastava et al., 2010) 

The class of functions which are analytic in 𝕌  and satisfying the following conditions 𝑅𝑒 𝑝(𝑧) > 0 and   

𝑝(𝑧) = 1 + 𝑝1(𝑧) + 𝑝2
2(𝑧) + ⋯ ,      𝑧 ∈ 𝕌 , 

 denoted by 𝓅.  

If the function  𝑓 𝑎𝑛𝑑  𝑔 are analytic in 𝕌  ,then we say 𝑓  is subordinate to 𝑔 or 𝑔 is said to be superordinate 

to  𝑓 in 𝕌  ,written as 𝑓 ≺ 𝑔   𝑜𝑟   𝑓(𝑧) ≺ 𝑔(𝑧)   if there exists a Schwarz function 𝑣(𝑧)  analytic in 𝕌  ,

𝑤𝑖𝑡ℎ |𝑣(𝑧)| < 1 ,  So that   

𝑓(𝑧) = 𝑔(𝑣(𝑧)) 𝑎𝑛𝑑  𝑧 ∈ 𝕌 . 

In particular, If the function 𝑔 is univalent  in 𝕌  then the subordination 𝑓 ≺ 𝑔    is equivalent to    𝑓(0) =

𝑔(0)   𝑎𝑛𝑑  𝑓(𝕌 ) = 𝑔(𝕌 ) .  (Miller & Mocanu, 2000) 

The Hadamard product (or convolution) of two analytic functions 𝑓 and 𝑔, where 𝑓(𝑧) = 𝑧 +

∑ 𝑎𝑘𝑧
𝑘∞

𝑘=2    and  𝑔(𝑧) = 𝑧 + ∑ 𝑏𝑘𝑧
𝑘∞

𝑘=2 ;  (𝑧 ∈ 𝕌), 

denoted by 𝑓 ∗ 𝑔  is defined by          (𝑓 ∗ 𝑔)(𝑧) = 𝑓(𝑧) ∗ 𝑔(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑏𝑘𝑧
𝑘      ∞

𝑘=2      (𝑧 ∈ 𝕌).  

And by using the Hadamard product, (Amer & Darus, 2011) have recently introduced a new generalized 

derivative operator. 

Definition 1: 

For 𝑓 ∈ 𝒜 the operator  𝐼𝑚(𝜆1, 𝜆2,ℓ, 𝑛)  is defined by  𝐼𝑚(𝜆1, 𝜆2,ℓ, 𝑛):𝒜 ⟶ 𝒜 where 

𝐼𝑚(𝜆1, 𝜆2,ℓ, 𝑛)𝑓(𝑧) = 𝜑
𝑚(𝜆1, 𝜆2 , ℓ)(𝑧) ∗ 𝑅

𝑛𝑓(𝑧)    (𝑧 ∈ 𝕌) ,      →   (∗) 

where  𝑚 ∈ 𝑁0 = {0,1,2, … . . }  𝑎𝑛𝑑 𝜆2 ≥ 𝜆1 ≥ 0, ℓ ≥ 0, and 𝑅𝑛𝑓(𝑧)  denotes the Ruseheweyh derivative 

operator and given by 

𝑅𝑛𝑓(𝑧)  = 𝑧 + ∑ 𝑐(𝑛, 𝑘)  𝑎𝑘𝑏𝑘𝑧
𝑘∞

𝑘=2  ;   (𝑛 ∈ 𝑁0, 𝑧 ∈ 𝕌), 
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where             𝑐(𝑛, 𝑘) =
(𝑛+1)𝑘−1

(1)𝑘−1
 . 

If 𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑧
𝑘∞

𝑘=2 , then we easily find from the equality (∗) that  

𝐼𝑚(𝜆1, 𝜆2,ℓ, 𝑛)𝑓(𝑧) = 𝑧 + ∑
(1+𝜆1(𝑘−1)+ℓ)

𝑚−1

(1+ℓ)𝑚−1(1+𝜆2(𝑘−1))
𝑚   

∞
𝑘=2 𝑐(𝑛, 𝑘)𝑎𝑘𝑧

𝑘, 

where   𝑛,𝑚 ∈ 𝑁0 = {0,1,2, … . . }  𝑎𝑛𝑑  𝜆2 ≥ 𝜆1 ≥ 0, ℓ ≥ 0.   

Special cases of this operator includes : 

 The Ruscheweyh derivative operator(Ruscheweyh, 1975) in the cases : 

𝐼1(𝜆1, 0, 𝑙, 𝑛) ≡ 𝐼
1(𝜆1, 0,0, 𝑛) ≡ 𝐼1(0,0, 𝑙, 𝑛) ≡ 𝐼0(0, 𝜆2, 0, 𝑛) ≡ 𝐼0(0,0,0, 𝑛) ≡ 𝐼𝑚+1(0,0, 𝑙, 𝑛)

≡ 𝐼𝑚+1(0,0,0, 𝑛) ≡ ℝ𝑛. 

 The Salagean derivative operator(Salagean, 2006) :  

𝐼𝑚+1(1,0,0,0) ≡ 𝑆𝑛. 

 The generalized Ruscheweyh derivative operator (Shaqsi & Darus, 2008) : 

𝐼2(𝜆1, 0,0, 𝑛) ≡ 𝑅𝜆
𝑛. 

 The generalized Salagean derivative operator introduced by Al-Oboudi (Al-Oboudi, 2004)  

𝐼𝑚+1(𝜆1, 0,0,0) ≡ 𝑆𝛽
𝑛. 

 The generalized Al-Shaqsi and Darus  derivative operator  (Shaqsi & Darus, 2008)  

𝐼𝑚+1(𝜆1, 0,0, 𝑛) ≡ 𝐷𝜆,𝛽  
𝑛 . 

 The  Al-Abbadi and Darus generalized derivative operator (Al-Abbadi & Darus, 2009)                                          

                                                                 𝐼𝑚(𝜆1, 𝜆2, 0, 𝑛) ≡ 𝜇𝜆1,𝜆2  
𝑛,𝑚

. 

 And finally the catas derivative operator    (Catas & Borsa, 2009)   

                                                         𝐼𝑚(𝜆1, 0, 𝑙, 𝑛) ≡ 𝐼
𝑚(𝜆1, 𝛽, 𝑙).  

Using simple computation one obtains the next result 

(ℓ + 1)𝐼𝑚+1(𝜆1, 𝜆2,ℓ, 𝑛)𝑓(𝑧) =         (1 + ℓ − 𝜆1)[𝐼
𝑚(𝜆1, 𝜆2,ℓ, 𝑛) ∗ 𝜑

1(𝜆1, 𝜆2 , ℓ)(𝑧)]𝑓(𝑧) +

𝜆1𝑧[𝐼
𝑚(𝜆1, 𝜆2,ℓ, 𝑛) ∗ 𝜑

1(𝜆1, 𝜆2 , ℓ)(𝑧)]
′
  ,                       

where  (𝑧 ∈ 𝕌)  and 𝜑1(𝜆1, 𝜆2 , ℓ)(𝑧) analytic function . 
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Definition 2  

A function      𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑧
𝑘∞

𝑘=2 ;  𝑧 ∈ 𝕌   is said to be in the class ℋΣ
𝑞
(𝜆, 𝛽) if  

𝑓 ∈  𝛴 , 𝑅𝑒 {(1 − 𝜆)
𝑓(𝑧)

𝑧
+ 𝜆𝐼𝑚𝑓(𝑧) } > 𝛽, 

                 𝑅𝑒 {(1 − 𝜆)
𝑔(𝑤)

𝑧
+ 𝜆𝐼𝑚𝑔(𝑤)} > 𝛽, 

where  

𝑤 = 𝑓(𝑧), 𝑔 = 𝑓−1 ; (𝑞 ∈ (0,1)0 ≤ 𝜆 ≤ 1, 0 ≤ 𝛽 < 1), 𝑎𝑛𝑑 𝑧 , 𝑤 ∈ 𝕌 (Rahmatan et al., 2022) 

Lemma 1 

                If ∈ 𝓅 , then |𝑝𝑘| ≤ 2 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑘 . (Goodman, 1983) 

Definition 3 .  

 A function 𝑓(𝑧) of the form (1.1) is said to be in the class ℋΣ
𝑞
(𝜆, 𝛼) if 

𝑓𝜖 𝛴 , | 𝑎𝑟𝑔{ (1 − 𝜆)
𝑓(𝑧)

𝑧
+ 𝜆 𝐼𝑚 𝑓(𝑧)} |  <  

𝛼𝜋

2
                 

                                     | 𝑎𝑟𝑔{ (1 − 𝜆)
𝑔(𝑤)

𝑧
+ 𝜆 𝐼𝑚 𝑔(𝑤)}| <  

𝛼𝜋

2
  ,             

where     𝑤 = 𝑓(𝑧), 𝑔 = 𝑓−1(𝑞 ∈ (0,1) 0 ≤ 𝜆 ≤ 1 , 0 ≤ 𝛼 ≤ 1)𝑎𝑛𝑑 𝑧, 𝑤 ∈ 𝕌. (Rahmatan et al., 2022) 

Lemma 2   

       If  𝑝 ∈ 𝓅 , then  2𝑝2 = 𝑝1
2 + (4 − 𝑝1

2)𝑥  for some 𝑥 with |𝑥| < 1.  

In the meantime, we obtain the bounds of certain functional of coefficients for     

𝑓 ∈ ℋ 𝛴
𝑞

(𝜆, 𝛽) . (Goodman, 1983) 

Literature review 

Theorem 1.   

   If  𝑓 ∈ ℋ 𝛴
𝑞

(𝜆, 𝛽) . and ∈ ℝ , then  
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|𝑎3 − 𝛾𝑎2
2| ≤

{
 
 

 
 
2𝛿

𝜂 + 𝑘
 , |ℎ(𝛾)| <

1

𝜂 + 𝑘
                           ,   

 

2𝛿 ℎ(𝛾)           |ℎ(𝛾)| >
1

𝜂 + 𝑘
                        ,

  

where      

    |ℎ(𝛾)| =
(1−𝛾)

𝜂+𝑘
      ;    𝒦 =

𝜆(1+2𝜆1+ℓ)
𝓂−1

(1+ℓ)𝓂−1(1+2𝜆2)𝓂
.
(𝑛+1)2
(1)2

 ,   𝜂 = 1 − 𝜆 𝑎𝑛𝑑   𝛿 = 1 − 𝛽  .    

Proof   :  

         from definition for the class ℋΣ
𝑞
(𝜆, 𝛽) 

𝜂
𝑓(𝑧)

𝑧
+ 𝜆Ι𝓂𝑓(𝑧) = 𝛽 + 𝛿Ρ(z)                 ,     𝑧 ∈ 𝕌   ,                      ⟶  (1) 

𝜂
𝑔(𝑤)

𝑤
+ 𝜆Ι𝓂𝑔(𝑧) = 𝛽 + 𝛿q(z)   ;      𝑧 ∈ 𝕌    𝑎𝑛𝑑   𝑔 = 𝑓−1      ⟶   (2) 

respectively, where 

   𝑝(𝑧) = 1 + 𝑝1(𝑧) + 𝑝2𝑧
2+……, 

   𝑞(𝑤) = 1 + 𝑞1(𝑤) + 𝑞2𝑤
2 +⋯ ,    𝑓𝑜𝑟 𝑧, 𝑤 ∈ 𝕌. 

Now, equating the coefficients in  (1)  and (2) ,  we see that 

η p(z) + λ(z +∑
(1 + λ1(k − 1) + ℓ)

𝓂−1

(1 + ℓ)𝓂−1(1 + λ2(k + 1))
𝓂  .

∞

k=2
c(n , k)𝑎kz

k)  = β + δp  .      

Where k=2   

  ⟹ 𝑎2 (𝜂 +
𝜆(1 + 𝜆1 + ℓ)

𝓂−1

(1 + ℓ)𝓂−1(1 + 𝜆2)𝓂
    .
(𝑛 + 1)1
(1)1

  ) = 𝛿𝑝1 .                  ⟶ (3)   

From (1) where  k =3      

𝜂𝑎3 + 𝜆 (
(1 + 2𝜆1 + ℓ)

𝓂−1

(1 + ℓ)𝓂−1(1 − 2𝜆2)𝓂
  .
(𝑛 + 1)2
(1)2

)𝑎3 = 𝛿𝑝2  

                     ⟹      𝑎3 (𝜂 +
𝜆(1+2𝜆1+ℓ)

𝓂−1

(1+ℓ)𝓂−1(1+2𝜆2)𝓂
  .
(𝑛+1)2

(1)2
) 𝑎3 = 𝛿𝑝2  .           ⟶   (4) 
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From (2)   where    k =2  

−𝜂𝑎2+𝑎2𝜆(
(1+𝜆1+ℓ)

𝓂−1

(1+ℓ)𝓂−1+𝜆2)𝓂
 .
(𝑛+1)1

(1)1
 ) = 𝛿𝑞1 

⟹                −𝑎2(𝜂 + 𝜆
(1+𝜆1+ℓ)

𝓂−1

(1+ℓ)𝓂−1(1+𝜆2)𝓂
.
(𝑛+1)1

(1)1
 ) = 𝛿𝑞1 .             ⟶  (5) 

From (2)  where   k =3  

𝜂(2𝑎2
2 − 𝑎3) + 𝜆

(1 + 2𝜆1 + ℓ)
𝓂−1

(1 + ℓ)𝓂−1(1 + 2𝜆2)𝓂
.
(𝑛 + 1)2
(1)2

(2𝑎2
2 − 𝑎3) = 𝛿𝑞2 

⇒ (2𝑎2
2 − 𝑎3) (𝜂 +

𝜆(1 + 2𝜆1 + ℓ)
𝓂−1

(1 + ℓ)𝓂−1(1 + 2𝜆2)𝓂
.
(𝑛 + 1)2
(1)2

) = 𝛿𝑞2.⟶ (6) 

From (3) and (5) ,we conclude that  

                                               𝑝1 = −𝑞1  ,                                                   ⟶  (7) 

from (3)          𝑎2
2 (𝜂 +

𝜆(1+𝜆1+ℓ)
𝓂−1

(1+ℓ)𝓂−1(1+𝜆2)𝓂
    .

(𝑛+1)1

(1)1
  )
2

= 𝛿2𝑝1 
2  ,                ⟶  (8)  

and by (5)          𝑎2
2(𝜂 + 𝜆

(1+𝜆1+ℓ)
𝓂−1

(1+ℓ)𝓂−1(1+𝜆2)𝓂
.
(𝑛+1)1

(1)1
 )2 =𝛿2𝑞1

2 .                 ⟶  (9) 

Now from (8) and (9) we obtain  

2𝑎2
2 (η +

λ(1 + λ1 + ℓ)
𝓂−1

(1 + ℓ)𝓂−1(1 + λ2)𝓂
.
(n + 1)1
(1)1

)

2

= δ2(p1
2 + q1

2) .      ⟶   (10)  

Also , using (4) and (6), we obtain 

        2𝑎2
2 (η +

λ(1+2λ1+ℓ)
𝓂−1

(1+ℓ)𝓂−1(1+2λ2)𝓂
.
(n+1)2

(1)2
)  =  δ(p2 + q2)  .                        ⟶   (11)  

From (6) 

2𝑎2
2 (𝜂 +

𝜆(1 + 2𝜆1 + ℓ)
𝓂−1

(1 + ℓ)𝓂−1(1 + 2𝜆2)𝓂
.
(𝑛 + 1)2
(1)2

) − 𝑎3   (𝜂 +
𝜆(1 + 2𝜆1 + ℓ)

𝓂−1

(1 + ℓ)𝓂−1(1 + 2𝜆2)𝓂
.
(𝑛 + 1)2
(1)2

) = 𝛿 𝑞2,    

and from (4) we obtain that 
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2𝑎3 (𝜂 +
𝜆(1 + 2𝜆1 + ℓ)

𝓂−1

(1 + ℓ)𝓂−1(1 + 2𝜆2)𝓂
.
(𝑛 + 1)2
(1)2

)−2𝑎2
2 (𝜂 +

𝜆(1 + 2𝜆1 + ℓ)
𝓂−1

(1 + ℓ)𝓂−1(1 + 2𝜆2)𝓂
.
(𝑛 + 1)2
(1)2

)  

= 𝛿(𝑝2 −  𝑞2)  ,        ⟶ (12) 

by using (4) with  (6) 

  2𝑎2
2 (η +

λ(1+2λ1+ℓ)
𝓂−1

(1+ℓ)𝓂−1(1+2λ2)𝓂
.
(n+1)2

(1)2
) −

δp2

(η+
λ(1+2λ1+ℓ)

𝓂−1

(1+ℓ)𝓂−1(1+2λ2)
𝓂.
(n+1)2
(1)2

)
     

                                                                .(η +
λ(1+2λ1+ℓ)

𝓂−1

(1+ℓ)𝓂−1(1+2λ2)𝓂
.
(n+1)2

(1)2
) =   δ q2,    

⟹     2𝑎2
2 (𝜂 +

𝜆(1 + 2𝜆1 + ℓ)
𝓂−1

(1 + ℓ)𝓂−1(1 + 2𝜆2)𝓂
.
(𝑛 + 1)2
(1)2

)  = 𝛿(𝑝2 + 𝑞2).⟶ (13) 

Let       𝒦  = 
λ(1+2λ1+ℓ)

𝓂−1

(1+ℓ)𝓂−1(1+2λ2)𝓂
.
(n+1)2

(1)2
 

                       2𝑎3(η + 𝒦) = δ(p2 − q2)+2𝑎2
2(η + 𝒦) 

            ⟹         𝑎3 =
δ

2

(p2−q2)

η+𝒦
+𝑎2  

                             𝑎3 − γ𝑎2
2 =

δ

2

(p2−q2)

η+𝒦
+𝑎2 −γ𝑎2

2  

         ⟹       |𝑎3 − γ𝑎2
2| = |𝑎2

2(1 − γ) + 
δ

2

(p2−q2)

η+𝒦
| = |

δ

2
(
(p2−q2)

η+𝒦
+
2

δ
𝑎2
2(1 − γ)| ,    

from (13)    |𝑎3 − 𝛾𝑎2
2| = |

𝛿

2
(
(𝑝2−𝑞2)

𝜂+𝒦
+

2

𝛿
(
𝛿

2
) (

𝑝2+𝑞2

𝜂+𝒦
) (1 − 𝛾)|                 

|𝑎3 − 𝛾𝑎2
2| = |

𝛿

2
(
(𝑝2−𝑞2)

𝜂+𝒦
+ (

𝑝2+𝑞2

𝜂+𝒦
) (1 − 𝛾)| 

|𝑎3 − 𝛾𝑎2
2| = |

𝛿

2
(
(𝑝2−𝑞2)

𝜂+𝒦
+ (𝑝2 + 𝑞2) ℎ(𝛾)| 

−(
𝛿

2
(
(𝑝2−𝑞2)

𝜂+𝒦
+ (𝑝2 + 𝑞2) ℎ(𝛾)) ≤ |𝑎3 − 𝛾𝑎2

2|  ≤ (
𝛿

2
(
(𝑝2−𝑞2)

𝜂+𝒦
+ (𝑝2 + 𝑞2) ℎ(𝛾)). 

 Case 1 

                           |𝑎3 − 𝛾𝑎2
2|  ≤  (

𝛿

2
(
(𝑝2−𝑞2)

𝜂+𝒦
+ (𝑝2 + 𝑞2) ℎ(𝛾))  
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⇒         
2

𝛿
(
|𝑎3 − 𝛾𝑎2

2|

(𝑝2 + 𝑞2)
) −

(𝑝2 − 𝑞2)

𝜂 + 𝒦
.

1

(𝑝2 + 𝑞2) 
≤ ℎ(𝛾), 

where      |ℎ(𝛾)| <  
1

𝜂+𝒦
 

                        ⇒         
2

δ
(
|𝑎3−γ𝑎2

2|

(p2+q2)
) −

(p2−q2)

η+𝒦
.

1

(p2+q2) 
  ≤  

1

η+𝒦
  

 ⇒          
2

𝛿
(𝜂 + 𝒦)|𝑎3 − 𝛾𝑎2

2| − (𝑝2 − 𝑞2) ≤ (𝑝2 + 𝑞2),   

by using ( Lemma 1)  

  ⇒          
2

𝛿
(𝜂 + 𝒦)|𝑎3 − 𝛾𝑎2

2| − (𝑝2 − 𝑞2) ≤ 4 

    ⇒           
2

𝛿
(𝜂 + 𝒦)|𝑎3 − 𝛾𝑎2

2| − 4 ≤  (𝑝2 − 𝑞2) 

                                ⇒          
2

δ
(η + 𝒦)|𝑎3 − γ𝑎2

2| − 4 ≤  0 

                                ⇒          |𝑎3 − γ𝑎2
2| ≤  

4δ

2(η+𝒦)
 ≤  

2δ

(η+𝒦)
 

                               ∴       |𝑎3 − γ𝑎2
2| ≤  

2δ

(η+𝒦)
     ;  |h(γ)| <  

1

η+𝒦
 .          

Case 2   

                    − (
𝛿

2
 (
(𝑝2−𝑞2)

𝜂+𝒦
+ (𝑝2 + 𝑞2) ℎ(𝛾)))  ≤ |𝑎3 − 𝛾𝑎2

2|  

                   |𝑎3 − 𝛾𝑎2
2|  ≥ − (

𝛿

2
(
(𝑝2−𝑞2)

𝜂+𝒦
+ (𝑝2 + 𝑞2)ℎ(𝛾)))  

                  
 2

𝛿
|𝑎3 − 𝛾𝑎2

2|(𝜂 +𝒦) ≥ −(𝑝2 − 𝑞2) − (𝑝2 + 𝑞2) ℎ(𝛾) (𝜂 + 𝒦)  

∵ |ℎ(𝛾)| =
(1 − 𝛾)

𝜂 +𝒦
    

   ⇒              
 2

𝛿
|𝑎3 − 𝛾𝑎2

2|(𝜂 + 𝒦) ≥ (𝑞2 − 𝑝2) − (𝑝2 + 𝑞2) 
(1−𝛾)

𝜂+𝒦
 (𝜂 + 𝒦) 

   ⇒              
 2

𝛿
|𝑎3 − 𝛾𝑎2

2|(𝜂 + 𝒦) ≥ (𝑞2 − 𝑝2) − (𝑝2 + 𝑞2) (1 − 𝛾) 
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   ⇒              
 2

𝛿
|𝑎3 − 𝛾𝑎2

2|(𝜂 + 𝒦) ≥ 𝑞2 − 𝑝2 − 𝑝2 + 𝑝2𝛾 − 𝑞2 + 𝑞2𝛾 

   ⇒              
 2

𝛿
|𝑎3 − 𝛾𝑎2

2|(𝜂 + 𝒦) ≥ −2𝑝2 + 𝑝2𝛾 + 𝑞2𝛾 

   ⇒              
 2

𝛿
|𝑎3 − 𝛾𝑎2

2|(𝜂 + 𝒦) ≥ −2𝑝2 + 𝛾(𝑝2 + 𝑞2) , 

by using( Lemma 1) we obtain 

   ⇒              
 2

𝛿
|𝑎3 − 𝛾𝑎2

2|(𝜂 + 𝒦) ≥ −4 + 𝛾(4) 

   ⇒              
 2

𝛿
|𝑎3 − 𝛾𝑎2

2|(𝜂 + 𝒦) ≥ −4(1- 𝛾) 

  ⇒              |𝑎3 − 𝛾𝑎2
2| ≥

− 2𝛿(1− 𝛾)

(𝜂+𝒦)
 

  ⇒               |𝑎3 − 𝛾𝑎2
2| ≥ −2𝛿 ℎ(𝛾) 

  ⇒               |𝑎3 − 𝛾𝑎2
2| ≤ 2𝛿 ℎ(𝛾)     ;            |ℎ(𝛾)| >

1

𝜂+𝒦
                   

              ∴               |𝑎3 − 𝛾𝑎2
2| ≤ {

       
2𝛿

𝜂+𝒦
            ;   |ℎ(𝛾)| <

1

𝜂+𝒦
            ,                 

 

2𝛿 ℎ(𝛾)          ;   |ℎ(𝛾)| >
1

𝜂+𝒦
           .               ∎ 

 

Corollary 1 .  

If a function 𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑧
𝑘∞

𝑘=2    ;   (𝑧 ∈ 𝕌)  belongs to the class ℋ 𝛴
𝑞

(1, 𝛽) and ∈ ℝ , 𝜆 = 1 ,𝑛, 𝜆1, 𝑙 = 0 ,   

then  

|𝑎3 − 𝛾𝑎2
2| ≤

{
 
 

 
 2𝛿

𝒦
 , |ℎ(𝛾)| <

1

𝑘
                             

 

2𝛿 ℎ(𝛾)           |ℎ(𝛾)| >
1

𝑘
                          

,  

where |ℎ(𝛾)| =
(1−𝛾)

𝒦
 ;𝒦 =

𝜆(1+2𝜆1+ℓ)
𝓂−1

(1+ℓ)𝓂−1(1+2𝜆2)𝓂
 . 
(𝑛+1)2
(1)2

, 𝛿 = 1 − 𝛽.(Rahmatan et al., 2022) 

Theorem 2: 

             If  𝑓 ∈ ℋ 𝛴
𝑞

(𝜆, 𝛽) and 𝜇 𝜖 ℂ , then  
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|𝑎3 − 𝜇𝑎2
2| ≤

{
 
 

 
 

 

   
4𝛿

𝜂 +𝒦
                                , |1 − 𝜇|𝜖[0, 𝜉)   ,                    

   
  

4𝛿|1 − 𝜇|  

(𝜂 + 𝑅)2
                          , |1 − 𝜇|𝜖[𝜉,∞),               

                   

 

where :   𝑅 =   
𝜆(1+𝜆1+ℓ)

𝓂−1

(1+ℓ)𝓂−1(1+𝜆2)𝓂
  .
(𝑛+1)1

(1)1
 ,      𝒦 =

𝜆(1+2𝜆1+ℓ)
𝓂−1

(1+ℓ)𝓂−1(1+2𝜆2)𝓂
  . 

(𝑛+1)2
(1)2

  , 

𝜉 =  
(𝜂+𝑅)2

𝛿(𝜂+𝒦)
            , 𝜂 = 1 − 𝜆  and    𝛿 = 1 − 𝛽. 

Proof : 

From (12) 

2𝑎3   (η +
λ(1 + 2λ1 + ℓ)

𝓂−1

(1 + ℓ)𝓂−1(1 + 2λ2)𝓂
.
(n + 1)2
(1)2

)  −2𝑎2
2 (η +

λ(1 + 2λ1 + ℓ)
𝓂−1

(1 + ℓ)𝓂−1(1 + 2λ2)𝓂
.
(n + 1)2
(1)2

)

= δ(p2 −  q2)     

2𝑎3  (η + 𝒦) −2𝑎2
2(η + 𝒦) = δ(p2 −  q2)     

⇒                        𝑎3 =
𝛿(𝑝2 − 𝑞2)

2(𝜂 +𝒦)
+ 𝑎2

2                    ⟶ (14)   

⇒ (𝑎3 − 𝜇𝑎2
2) =  𝑎2

2 +
𝛿(𝑝2 − 𝑞2)

2(𝜂 +𝒦)
− 𝜇𝑎2

2 = 
𝛿(𝑝2 − 𝑞2)

(𝜂 + 𝒦)
+ (1 − 𝜇)𝑎2

2, 

           ∵    2𝑎2
2 =

𝛿2(𝑝1
2+𝑞1

2)

2(𝜂+𝑅)2
,     from (10)  𝑎𝑛𝑑           𝑝1 = −𝑞1  , 

           ⇒                         (𝑎3 − 𝜇𝑎2
2) = (1 − 𝜇)

𝛿2𝑝1
2

(𝜂+𝑅)2
+
𝛿(𝑝2−𝑞2)

2(𝜂+𝒦)
 , 

by using( lemma 2), we obtain  

                                      (𝑎3 − 𝜇𝑎2
2) = (1 − 𝜇)

𝛿2𝑝1
2

(𝜂+𝑅)2
+ 
𝛿(4−𝑝1

2)

2(𝜂+𝒦)
 (𝑥 − 𝑦).  

Let p1 = p    ; pϵ[0,2]. 

By triangle inequality and letting X = |x| ≤ 1,  Y = |y| < 1,we obtain  
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                (𝑎3 − μ𝑎2
2) = (1 − μ)

δ2𝑃2

(η+R)2   
 +  

δ(4−p2)

2(η+𝒦)
 (x − y) 

          |𝑎3 − μ𝑎2
2|  ≤ (1 − μ)

δ2𝑃2

(η+R)2
+ 
δ(4−p2)

2(η+𝒦)
 (X + Y) = F(X, Y), 

for X,Y ∈ [0,1]: 

                      max {𝐹(𝑋, 𝑌) = 𝐹(1,1) =
|1−𝜇| 𝛿2𝑃2

(𝜂+𝑅)2
 +  

𝛿(4−𝑝2)2

2(𝜂+𝒦)
 

                      =   
𝛿2

(𝜂+𝑅)2 
{|1 − 𝜇|+ 

(4−𝑝2)(𝜂+𝑅)2

𝑃𝛿2(𝜂+𝒦)
}  𝑝2 

                    =   
𝛿2

(𝜂+𝑅)2
 {|1 − 𝜇| −

𝑝2(𝜂+𝑅)2

𝛿𝑝2(𝜂+𝒦)
+ 

(4)(𝜂+𝑅)2

𝑃2𝛿(𝜂+𝒦)
}  𝑝2 

                        =  
𝛿2

(𝜂+𝑅)2
{ |1 − 𝜇| −

(𝜂+𝑅)2

𝛿(𝜂+𝒦)
} 𝑝2 + 

4𝛿

(𝜂+𝒦)
 =  H       ⟶ (15)   

; H is function in 𝕌 and for 𝑝 ∈ [0,2], 

H′(p) =   
2δ2

(η+R)2
{ |1 − μ| −

(η+R)2

δ(η+𝒦)
} p , 

 𝐻′(𝑝) has a critical point 𝐻′(𝑝) = 0 at 𝑝 = 0 

  ⇒  𝐻′(𝑝)  < 0 , |1 − 𝜇| ∈ [0,
−(𝜂+𝑅)2

𝛿(𝜂+𝒦)
] , 

let      𝜉 =
(𝜂+𝑅)2

𝛿(𝜂+𝒦)
   then       𝐻′(𝑝) < 0   ; |1 − 𝜇| ∈ [0, 𝜉), 

H is a strictly decreasing function of |1 − 𝜇|. 

Now , from (15) 

max { H: p ∈ [0,2]} = 𝐻(0) =  
4δ

η+𝒦
     ;   |1 − 𝜇|𝜖[0, 𝜉)     .      →     (16) 

And since            𝐻′(𝑝) > 0   ; |1 − 𝜇| ∈ [𝜉,∞) 

max { H : p ∈ [0,2]} = 𝐻(2) =  
4𝛿|1−𝜇|

(𝜂+𝑅)2
                                     →     (17) 

; H is an strictly increasing function of |1 − 𝜇| 
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∴   |𝑎3 − 𝜇𝑎2
2| ≤

{
 
 

 
 

 

   
4𝛿

𝜂 +𝒦
                                , |1 − 𝜇|𝜖[0, 𝜉),                       

   
  

4𝛿|1 − 𝜇|  

(𝜂 + 𝑅)2
                          , |1 − 𝜇|𝜖[𝜉,∞),                ∎     

                   

 

Corollary  2 

If a function 𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑧
𝑘∞

𝑘=2    ;   (𝑧 ∈ 𝕌)  belongs to the class  𝑓 ∈ ℋ𝛴
𝑞
(1, 𝛽) and 𝜇 𝜖 ℂ , 𝜆 = 1 , 

𝑛, 𝜆1, 𝑙, = 0.  then  

|𝑎3 − 𝜇𝑎2
2| ≤

{
 
 

 
 

 

   
4𝛿

𝒦
                                , |1 − 𝜇|𝜖[0, 𝜉)                       

   
  

4𝛿|1 − 𝜇|  

(𝑅)2
                          , |1 − 𝜇|𝜖[𝜉,∞),                    

                   

 

Where : 𝜉 =  
(𝑅)2

𝛿(𝑘)
     ,  𝛿 = 1 − 𝛽  ,𝑅 =   

𝜆(1+𝜆1+ℓ)
𝓂−1

(1+ℓ)𝓂−1(1+𝜆2)𝓂
  .
(𝑛+1)1

(1)1
  𝑎𝑛𝑑   

   𝒦 =
𝜆(1+2𝜆1+ℓ)

𝓂−1

(1+ℓ)𝓂−1(1+2𝜆2)𝓂
 . 
(𝑛+1)2
(1)2

  . (Rahmatan et al., 2022) 

Theorem 3 : 

If a function  of the form 𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑧
𝑘  ∞

𝑘=0 is in the class ℋ𝛴
𝑞
(𝜆, 𝛼)  , then: 

|𝑎2| ≤
2𝛼

√2(𝛼𝜂 + 𝛼𝜆𝒦 + (1 − 𝛼)(𝜂 + 𝜆𝑅)2)
 , 

      |𝑎3| ≤
4𝛼2

(𝜂 + 𝜆𝑅)2
+

2𝛼

(𝜂 + 𝜆𝒦)
    ,                            

where   𝜂 = 1 − 𝜆,   𝑅 =
(1+λ1+ℓ)

m−1

(1+ℓ)m−1(1+λ2)m
.
(n+1)1

(1)1
 and 𝒦 =

(1+2λ1+ℓ)
m−1

(1+ℓ)m−1(1+2λ2)m
.
(n+1)2

(1)2
. 

Proof     

It follows from  (Definition 3)  that  

𝜂
𝑓(𝑧)

𝑧
+ 𝜆𝐼𝑚𝑓(𝑧) = [𝑝(𝑧)]𝛼     ,              → (20) 
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                               𝜂
𝑔(𝑤)

𝑧
+ 𝜆𝐼𝑚𝑔(𝑤) = [𝑞(𝑤)]𝛼     ,         → (21) 

where                𝑝(𝑧) = 1 + 𝑝1(𝑧) + 𝑝2𝑧
2+……, 

                      𝑞(𝑤) = 1 + 𝑞1(𝑤) + 𝑞2𝑤
2 +⋯ ,    𝑓𝑜𝑟    𝑧, 𝑤 ∈ 𝕌 ,    → (22) 

are in 𝓅 . 

Now , equating the coefficients in (20) and (21), we obtain where 𝑘 = 2 in (20) 

𝑎2 (𝜂 +
𝜆(1 + 𝜆1 + ℓ)

𝑚−1

(1 + ℓ)𝑚−1(1 + 𝜆2)
𝑚
 .
(𝑛 + 1)1
(1)1

) = 𝛼𝑝1 

                             ⇒         𝑎2(𝜂 + 𝜆 𝑅) = 𝛼𝑝1   ,                                    → (23)    

from (21) where 𝑘 = 2       

         ⇒          −𝑎2(𝜂 + 𝜆𝑅) = 𝛼𝑞1                                                    

∵ 𝑎2 = 𝑝1(𝑧)       ⇒        −𝑎2(𝜂 + 𝜆𝑅) = 𝛼𝑞1    ,                          → (24) 

   from(21) where k = 3     

                             𝑎3(η + λ𝒦) = αp2 +
α(α−1)

2
p1
2  ,                         → (25) 

and from  (21)we obtain 

                           2(𝑎2
2 − 𝑎3)(𝜂 + 𝜆𝒦) = 𝛼𝑞2 +

𝛼(𝛼−1)

2
𝑞1  
2 ,    → (26)       

now ,from (23) and (24),we deduce that 

                            𝛼𝑝1 = −𝛼𝑞1  ⇒ 𝑝1 = −𝑞1     ,                               → (27) 

from (23)                  𝑎2
2(𝜂 + 𝜆 𝑅)2 = 𝛼2𝑝1

2                                 → (28) 

and    (24)                    𝑎2
2(𝜂 + 𝜆 𝑅)2 = 𝛼2𝑞1

2                               → (29)  

 from (28) and (29) 

                                2𝑎2
2(𝜂 + 𝜆 𝑅)2 = 𝛼2(𝑝1

2 + 𝑞1
2)          → (30)  

and from (26)   
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                       2 𝑎2
2(𝜂 + 𝜆𝒦) − 𝑎3(𝜂 + 𝜆𝒦) = 𝛼𝑞2 +

𝛼(𝛼−1)

2
𝑞1 

 ⇒    2 𝑎2
2(𝜂 + 𝜆𝒦) − 𝛼𝑝2 −

𝛼(𝛼 − 1)

2
𝑝1
2 = 𝛼𝑞2 +

𝛼(𝛼 − 1)

2
𝑞1 

                 ⇒    2 𝑎2
2(𝜂 + 𝜆𝒦) = 𝛼(𝑝2 + 𝑞2) −

𝛼(𝛼−1)

2
(𝑝1

2 + 𝑞1
2), 

from  (30),we obtain  

                ⇒    2 𝑎2
2(𝜂 + 𝜆𝒦) = 𝛼(𝑝2 + 𝑞2) −

𝛼(𝛼−1)

2
( 
 2𝑎2

2(𝜂+𝜆 𝑅)2

𝛼2
)  

   ⇒    2 𝑎2
2(𝜂 + 𝜆𝒦) = 𝛼(𝑝2 + 𝑞2) +

(𝛼 − 1)

𝛼
 (𝜂 + 𝜆 𝑅)2𝑎2

2    → (31) 

    ⇒                   𝑎2
2 ((𝜂 + 𝜆𝒦) −

(𝛼 − 1)

𝛼
 (𝜂 + 𝜆 𝑅)2) = 𝛼(𝑝2 + 𝑞2)         

⇒         𝑎2
2(2(𝛼𝜂 + 𝜆𝛼𝒦) + (1 − 𝛼) (𝜂 + 𝜆 𝑅)2) = 𝛼2(𝑝2 + 𝑞2)        

              ⇒            𝑎2
2 =

𝛼2(𝑝2 + 𝑞2)

2(𝛼𝜂 + 𝜆𝛼𝒦) + (1 − 𝛼)(𝜂 + 𝜆 𝑅)2
   ,                       

by using (lemma 3) ,we obtain  

⇒                  𝑎2
2 ≤

4𝛼2

2(𝛼𝜂 + 𝜆𝛼𝒦) + (1 − 𝛼)(𝜂 + 𝜆 𝑅)2
                             

             ⇒               | 𝑎2 | ≤
2𝛼

√2(𝛼𝜂+𝜆𝛼𝒦)+(1−𝛼)(𝜂+𝜆 𝑅)2
          ,           → (32)  

now, from (26)       2𝑎2
2(𝜂 + 𝜆𝒦) − 𝑎3(𝜂 + 𝜆𝒦) = 𝛼𝑞2 +

𝛼(𝛼−1)

2
𝑞1    
2  , 

and                          𝑎3(𝜂 + 𝜆𝒦) = 𝛼𝑝2 +
𝛼(𝛼−1)

2
𝑝1
2       ,         

 we get the equation  

           2𝑎2
2(𝜂 + 𝜆𝒦) − 2𝑎3(𝜂 + 𝜆𝒦) = 𝛼𝑞2 − 𝛼𝑝2 +

𝛼(𝛼−1)

2
𝑞1    
2 −

𝛼(𝛼−1)

2
𝑝1
2 

          2𝑎3(𝜂 + 𝜆𝒦) − 2𝑎2
2(𝜂 + 𝜆𝒦) = 𝛼(𝑝2 − 𝑞2) +

𝛼(𝛼−1)

2
(𝑝1

2 − 𝑞1    
2 ) , 
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from (30) we obtain that  

2𝑎3(𝜂 + 𝜆𝒦) −
𝛼2(𝑝1

2 + 𝑞1
2)   

(𝜂 + 𝜆 𝑅)2
(𝜂 + 𝜆𝒦) = 𝛼(𝑝2 − 𝑞2) +

𝛼(𝛼 − 1)

2
(𝑝1

2 − 𝑞1    
2 ) 

2𝑎3(𝜂 + 𝜆𝒦) =
𝛼2(𝑝1

2 + 𝑞1
2)  (𝜂 + 𝜆𝒦) 

(𝜂 + 𝜆 𝑅)2
+ 𝛼(𝑝2 − 𝑞2) +

𝛼(𝛼 − 1)

2
(𝑝1

2 − 𝑞1    
2 ) 

 ⇒       𝑎3 =
𝛼(𝛼 − 1)(𝑝1

2 − 𝑞1    
2 )

2.2(𝜂 + 𝜆𝒦)
+
𝛼(𝑝2 − 𝑞2)

2 (𝜂 + 𝜆𝒦)
+
𝛼2(𝑝1

2 + 𝑞1
2)  

(𝜂 + 𝜆 𝑅)2
, 

∵      𝑝1 = −𝑞1   from (27) 

 ⇒               𝑎3 =
𝛼(𝑝2 − 𝑞2)

2 (𝜂 + 𝜆𝒦)
+
𝛼2(𝑝1

2 + 𝑞1
2) 

(𝜂 + 𝜆 𝑅)2
                                    

       ⇒              | 𝑎3| = |
𝛼(𝑝2 − 𝑞2)

2 (𝜂 + 𝜆𝒦)
+
𝛼2(𝑝1

2 + 𝑞1
2) 

(𝜂 + 𝜆 𝑅)2
|                                    

     ⇒              | 𝑎3| ≤ |
𝛼(𝑝2 − 𝑞2)

2 (𝜂 + 𝜆𝒦)
+
𝛼2(𝑝1

2 + 𝑞1
2) 

(𝜂 + 𝜆 𝑅)2
|      ,                             

now ,by using  (Lemma 1) 

   | 𝑎3| ≤
4𝛼

2 (𝜂 + 𝜆𝒦)
+

4𝛼2 

(𝜂 + 𝜆 𝑅)2
 

                     ⇒                | 𝑎3| ≤
2𝛼

 (𝜂 + 𝜆𝒦)
+

4𝛼2 

(𝜂 + 𝜆 𝑅)2
             → (33)      ∎             

Corollary  3  

If a function 𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑘𝑧
𝑘 ∞

𝑘=0 belongs to the class  𝑓 ∈ ℋ𝛴 
𝑞

(1, 𝛼) and, 𝜆 = 1.  𝑛, 𝜆1, 𝑙, = 0, 

then                                   |𝑎2| ≤
2𝛼

√2(𝛼𝑘+(1−𝛼)(𝑅)2)
 , 

       |𝑎3| ≤
4𝛼2

(𝑅)2
+
2𝛼

(𝑘 )
  ,                              

where   𝜂 = 1 − 𝜆  , 𝑅 =
(1+λ1+ℓ)

m−1

(1+ℓ)m−1(1+λ2)m
.
(n+1)1

(1)1
  and  k =

(1+2λ1+ℓ)
m−1

(1+ℓ)m−1(1+2λ2)m
.
(n+1)2

(1)2
  . (Rahmatan et al., 2022)   
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These references    (Alabbar et al., 2023)   (Amer, 2016)   (Agrawal & Sahoo, 2017) contain additional 
research and studies on analytic functions connected to the derivative operator and integral operator. It is 
advisable to consult these sources for further information and insights. 

Conclusion. 

In this paper ,we used new results are related to the class ℋ𝛴
𝑞
(𝜆, 𝛼) of analytic normalized function in 𝕌 and 

obtained the bound s of the functional of coefficients and initial coefficient estimates of the initial Taylor and 

Maclaurin coefficients by using a generalized derivative operator . In a future paper , we may obtain the 

bounds determinants for another  class of function .    
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